Abstract. To smooth schemes equipped with a smooth affine group scheme action, we associate an equivariant motivic homotopy category. Underlying our construction is the choice of an 'equivariant Nisnevich topology' induced by a complete, regular, and bounded cd-structure. We show equivariant K-theory of smooth schemes is represented in the equivariant motivic homotopy category. This is used to characterize equivariantly contractible smooth affine curves and equivariant vector bundles on such curves. Generalizations of the purity and blow-up theorems in motivic homotopy theory are shown for actions of finite cyclic groups.
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Introduction
In this paper we develop motivic homotopy theory of smooth affine group scheme actions. We show the main results in the pioneering work of Morel-Voevodsky on motivic homotopy theory [24] generalize to the equivariant setting, e.g., the purity theorem for Thom spaces, the blow-up theorem and representability of K-theory.
A major motivation for motivic homotopy theory of group actions is to construct a convenient setting for equivariant cohomology theories on the category of smooth schemes with a group action. For the group of order two, the most important examples are Real algebraic K-theory, Real motivic cobordism [16] , and a Bredon type theory of equivariant motivic cohomology [13] . We complete these results by representing equivariant K-theory of group actions, as introduced by Thomason in the mid 1980's [30] . By considering actions by the multiplicative group scheme G m and its subgroup schemes µ n of sheaves of roots of unity, our results point towards an algebro-geometric version of S 1 -equivariant homotopy theory [11] . As for the trivial group, every equivariant A 1 -homotopy equivalence becomes an isomorphism in the equivariant motivic homotopy category. This basic observation implies the same result holds for every equivariant vector bundle, by patching of equivariant A 1 -homotopies on a Zariski open covering. Recall that for an algebraic group G over a field k, a G-equivariant vector bundle V over a k-scheme X with G-action is trivial if there exists a G-representation V such that V = V × k X. For G a finite cyclic group, representability of equivariant K-theory allows us to show that every G-equivariant vector bundle on an equivariantly A 1 -contractible smooth affine curve is trivial. It is an open question (even when G is trivial) whether the same result holds in higher dimensions, starting with surfaces.
We relate the equivariant motivic homotopy category Ho G A 1 (k) to other existing settings for homotopy theory. For example, there is a naturally induced adjunction between Ho G A 1 (k) and the motivic homotopy category Ho A 1 (k) corresponding to the trivial group. When the base scheme is the complex numbers, taking complex points furnishes a 'realization' functor to the equivariant homotopy category of topological spaces equipped with an action by the complex points of G. Under base change the corresponding equivariant motivic homotopy categories are related by standard adjunctions. These and many other functorial properties deserve a thorough treatment using cross-functors in the sense of Voevodsky, following Ayoub's work [2] , which is somehow beyond the scope of this paper.
Our main results can be summarized as follows. We leave precise statements to the main body of the paper. Theorem 1.1. Let G be a smooth affine group scheme over a field k. Denote by Sm G k the category of separated finite type smooth k-schemes equipped with a G-action. Then we have the following.
(1) The equivariant Nisnevich topology on Sm G k is given by a complete, regular and bounded cd-structure. ( 2) The category of simplicial presheaves on Sm G k admits local and motivic model structures in which the local weak equivalence is determined by the equivariant Nisnevich topology and the motivic weak equivalence is governed by equivariant vector bundle projections. (3) The equivariant algebraic K-theory of smooth G-schemes is represented in the equivariant motivic homotopy category. Motivic weak equivalences between smooth G-schemes induce isomorphisms on equivariant K-theory. (4) If k is infinite and G is a finite cyclic group, all equivariant vector bundles on an equivariantly contractible smooth affine curve are trivial. (5) If k is algebraically closed and G is a finite cyclic group of prime order, the purity and blow-up theorems for closed immersions of smooth G-schemes hold in the equivariant motivic homotopy category.
Herrmann [14, Proposition 3.5.4] proved that equivariant K-theory cannot be represented in the equivariant motivic homotopy category for the intermediate Nisnevich topology (see § 2.3.1), which follows a construction common in topology by defining weak equivalences via fixed point loci of all subgroup schemes. This approach to equivariant motivic homotopy theory is intuitively very clear and works well in many aspects, but alas does not mesh well with cohomology theories such as equivariant K-theory. Our representability theorem is in some sense made possible by the fine differences between equivariant Nisnevich topologies, cf. § 3.
Related works:
The first version of this paper was written in 2011 and several related papers have appeared during its hiatus period. The subject of motivic homotopy of group actions can be traced back to Deligne's lecture notes [7] emphasizing the role of quotients by finite group actions in the Rost-Voevodsky proof of the Bloch-Kato conjecture. Hu-Kriz-Ormsby [16] used the equivariant Nisnevich topology to introduce Real algebraic K-theory and Real motivic cobordism for the group of order two. Herrmann [14] worked out an unstable and stable equivariant motivic homotopy theory based on fixed points using the intermediate Nisnevich topology, cf. § 2.3.1. An alternate construction carried out by Carlsson-Joshua [5] allowing for actions of discrete groups is bootstrapped for solving Carlsson's conjecture relating K-theory of fields to representation theory. A Bredon style motivic cohomology theory related to Real algebraic K-theory and equivariant higher Chow groups was introduced by Heller-Voineagu-Østvaer [13] .
Brief Outline of the paper: We describe the equivariant Nisnevich site on Sch G k in § 2 and give a comparison of this site with other known equivariant topologies. A cd-structure on the equivariant Nisnevich site and several of its consequences are described in § 3.
In § 4, 5 and 6, we work out the model structures on motivic G-spaces based on the equivariant Nisnevich topology and Bousfield localization with respect to the affine line A 1 . A comparison with the motivic homotopy category and certain base change properties are investigated in § 7. Proofs of the equivariant purity and blow-up theorems occupy § 8 and 9. Finally, we prove representability of equivariant K-theory, and derive an algebraic analogue of Segal's theorem in § 10.
Generalizations: One may observe that the equivariant Nisnevich topology can be defined over any noetherian base scheme S using the cd-topology defined by the distinguished squares (3.3). Proposition 3.2 remains valid in this set up. The results of sections 4-7 and 10 also generalize mutatis mutandis.
The Nisnevich site for G-schemes
Let k be a field and G a smooth affine group scheme over k. Recall that the identity component G 0 of G is a normal closed subgroup of G which is smooth over k. Moreover, the quotient G is a finiteétale group scheme over k. We shall assume throughout this text that G is a finite constant group scheme over k.
Let Sch k denote the category of separated schemes of finite type over k and let Sm k denote its full subcategory consisting of smooth schemes over k. A scheme in this paper will mean an object of Sch k and the scheme X × Y will mean the fiber product of schemes X and Y over k.
Let Sch G k (Sm G k ) denote the category of (smooth) separated schemes of finite type over k which are equipped with a G-action such that maps between two Gschemes are G-equivariant and commute with the structure maps to Spec (k). In particular, an object of Sch G k is a pair (X, µ X ) such that X ∈ Sch k and there is an action map µ X : G × X → X which satisfies the usual axioms of group actions.
A scheme X can be viewed as a G-scheme via the trivial action, in which case we write it as the pair (X, t X ). In this case, t X is nothing but the projection map t X : G × X → X. This yields a full and faithful embedding (2.1)
The set-theoretic stabilizer of x is the topological group S x defined by the Cartesian square:
There is a commutative diagram in Top:
It is well known that the left square is Cartesian and the horizontal arrows in the right square are surjective. Furthermore, these horizontal arrows are isomorphisms on the sets of closed points if k is algebraically closed. We conclude:
Lemma 2.1. Given a point x ∈ X, there is a natural morphism of topological groups |G x | → S x → |G| such that the second morphism is an inclusion. It is an inclusion of a closed subgroup if x is a closed point of X. If G is a finite constant group scheme over k, we can identify G with |G| and there are inclusions of closed subgroups G x ֒→ S x ֒→ G. If k is algebraically closed and x is a closed point of X, then the map |G x | → S x is bijective on the sets of closed points.
If G is a finite constant group scheme over k one can get the following explicit descriptions of G x and S x . One can check that a G-action on X is the same as a homomorphism of groups σ : G → Aut Sch k (X) and one has S x = {g ∈ G|g · x := σ(g)(x) = x}. If g ∈ S x , then it acts on Spec (k(x)) which is just the restriction of S x -action on the scheme X. In other words, σ restricts to a homomorphism σ x : S x → Aut Sch (Spec (k(x))). Here, Sch denotes the category of all schemes over k. One checks using (2.2) that G x = Ker(σ x ). Example 2.2. Let G be the cyclic group of order two acting on X = Spec (C) in the category Sch R by complex conjugation. One checks easily that G x is trivial while S x = G, where x is the unique point of X. Example 2.3. If X ∈ Sch G k and g ∈ S x for some x ∈ X, observe that g acts on the local ring O X,x by k-algebra automorphisms. We show by an example that G x may act as the identity on k(x) and differently on O X,x . Let G = σ be the cyclic group of order two acting on A 1 k by σ(x) = −x. It is clear that S 0 = G and hence G 0 = G. This action is algebraically described by the k-algebra automorphism
given by σ(x) = −x. It is then clear that G acts on the local ring 
the induced map of the residue fields k x → k y is an isomorphism, and (3) the induced map S y → S x is an isomorphism.
It is immediate from this definition that a G-equivariant Nisnevich cover is the same as a Nisnevich cover in the sense of [24] if G is trivial. Proof. By the definition it is clear that G-equivariant isomorphisms are Nisnevich coverings, and any refinement of a G-equivariant Nisnevich cover is also of the same type. We need to check that coverings are preserved under base change. This part is not automatically true by reduction to ordinary (non-equivariant) Nisnevich covers because for some point x, a point y in the cover mapping to x may satisfy condition (2) of Definition 2.4, but not condition (3).
We consider the Cartesian diagram in Sch
where u is a G-equivariant Nisnevich cover. It is clear that u ′ isétale. Let us now fix a point z ∈ Z and let v(z) = x. Choose a point y ∈ Y such that k(x)
It is easy to check (see [22, Exercise 3.1.7] ) that there is a natural homeomorphism of topological spaces
On the other hand, the isomorphism k(x)
k(y) is a field and defines a unique point w = (y, z) ∈ W such that v ′ (w) = y and u ′ (w) = z. Moreover, the map k(z) → k(w) is an isomorphism. We are only left with showing that S w → S z is an isomoprhism. This map is clearly injective. To prove its surjectivity, notice that g ∈ S z implies g ∈ S x as v(z) = x and v is G-equivariant. But then, our assumption implies g ∈ S y . Since G acts diagonally on W we conclude that g ∈ S w = S (y,z) .
Notations: For the rest of this text, we shall abbreviate the term 'equivariant Nisnevich topology' by simply calling it the eN-topology. An equivariant Nisnevich cover of a G-scheme will be called an eN-cover. We shall denote the (G-equivariant) Nisnevich Grothendieck site on the category of G-schemes over k by Sch G k/Nis , and the corresponding site of smooth G-schemes by Sm G k/Nis . We refer to these sites as eN-sites. Throughout the text the following notations will be used.
(1) PSh * of f * commutes with finite limits. Since we shall discuss functors between Grothendieck sites, the following criterion for these notions will be used repeatedly in order to decide about the nature of these functors. Proof. Let g ∈ G x and consider the commutative diagram
Since the vertical arrows are induced by f , it follows easily from this diagram that g * is the identity. That is, g ∈ G y .
2.3.2.
The Isovariant Nisnevich topology. Recall that for X ∈ Sch G k , the isotropy group scheme is a group scheme G X over X defined by the Cartesian square
A G-equivariantétale cover {X i → X} i∈I is called isovariant if the induced map of isotropy group schemes is an isomorphism for each i ∈ I. An isovariantétale cover which is also Nisnevich, is called an isovariant Nisnevich cover. The isovariant etale site on smooth schemes was introduced by Thomason [31] in order to prove theétale descent for Bott-inverted equivariant K-theory with finite coefficients. Its Nisnevich analogue was introduced by Serpe [27] in an attempt to prove descent theorems for equivariant algebraic K-theory with integral coefficients. (However, most of the results claimed in [27] Example 2.8. We view the complex numbers C as an R-algebra and consider the map of R-algebras f : C → C × C; a → (a,ā) . Let G = σ be the cyclic group of order two acting by complex conjugation on C and by switching the coordinates on C × C. Note that f is a G-equivariant R-algebra map and an isovariant Nisnevich covering. Let Y = Spec (C × C) and X = Spec (C). For the unique point η ∈ X we have S η = G. On the other hand, the set-theoretic stabilizer of any point in f −1 * (η) is trivial. Hence f * : Y → X is not an eN-cover.
Example 2.9. For the inclusion of R-algebras R → C we let G = σ (as above) act trivially on R and by complex conjugation on C. The inclusion is G-equivariant etale, but it is neither isovariant nor Nisnevich. However, the map R → R × C is a G-equivariant Nisnevich (hence an intermediate Nisnevich) cover of Spec (R), which is not isovariant since the first map is not isovariant. 
3.
A cd-structure on the eN-topology Our goal in this section is to show that the eN-topology can be described in terms of a cd-structure in the sense of Voevodsky [33] . We shall further show that this cd-structure is in fact regular, complete, and bounded. Applications of this will appear later in the paper.
3.1. eN-neighborhoods. Let X ∈ Sch G k and let i : Z ֒→ X be a G-invariant locally closed subset with the reduced subscheme structure. Let us denote this datum by (X, Z). An eN-neighborhood of (X, Z) is a commutative square
We shall denote such a neighborhood by (U, Z). If the square (3.1) is Cartesian, we shall say that (U, Z) is a distinguished eNneighborhood of (X, Z). Notice that in this case, Z ′ is automatically reduced. If U has no G-action or f is not necessarily G-equivariant, then we shall say that (U, Z) is a Nisnevich neighborhood of (X, Z).
Given an eN-neighborhood f : (U, Z) → (X, Z) and a G-invariant locally closed subset Y ⊆ X, we shall write the G-scheme Y × X U in short as Y ∩ U or Y U .
3.1.1. eN-neighborhood refinement. Assume that G = {e = g 0 , · · · , g n } is a finite constant group scheme over k. Given a Nisnevich neighborhood (U, Z) (not necessarily G-invariant) and g ∈ G, the translate of U by g is the scheme g(U) defined by the Cartesian square
where τ g −1 : X → X is the automorphism of X defined by g −1 via the G-action on X. We can iteratively form the fiber product
using the maps g i (f ) : g i (U) → X. Since Z ֒→ X is G-invariant, it is easy to check that (U G , Z) is in fact an eN-neighborhood of (X, Z) and there is a factorization (U Z , Z) → (U, Z) → (X, Z). We conclude that every Nisnevich neighborhood of (X, Z) contains, i.e., is dominated by, an eN-neighborhood.
3.2. cd-structure on Sch G k . The notion of cd-structure on Grothendieck sites was introduced by Voevodsky in [33] in order to streamline the study of homotopy theory of schemes with respect to various topologies. We refer to [33] for the definition of cd-structure on a category and its various properties.
It is straightforward to check that we obtain a cd-structure on Sch G k in the sense of [33] , i.e., a commutative diagram isomorphic to a distinguished eN-square is again a distinguished eN-square. The equivariant Nisnevich cd-structure on Sm G k is defined in the same way using distinguished eN-squares in the smooth category. Our next result is an equivariant analogue of Voevodsky's [34, Theorem 2.2]. The proof is obtained by following the steps in the non-equivariant case with suitable modifications at various stages. We refer to [33, § 2] for the definition of a complete, regular, and bounded cd-structure. Proof. We write a proof for the category Sch To prove regularity, we observe that given a distinguished eN-square (3.3) in Sch G k , the derived square The boundedness condition is not straightforward from the non-equivariant case. First we need to define a density structure on Sch That is, for every z ∈ X \ U there exists a sequence of points z = x 0 , x 1 , . . . , x i in X such that for 0 ≤ j < i, x j = x j+1 and x j ∈ {x j+1 }. One verifies easily that this defines a density structure on Sch G S , and it is locally of finite dimension.
To prove boundedness, it is enough to show that every distinguished eN-square is reducing with respect to the above density structure. Consider a distinguished eNsquare of the form (3.3) and suppose
Applying Lemma 3.3 below to the morphism j p we can find
X 0 , and applying [34, Lemma 2.5] we are reduced to consider the distinguished eN-square
We now set (3.6)
In [34, Proposition 2.10] it is noted that
′ is a distinguished Nisnevich square which satisfies the required properties. To complete the proof we observe that the inclusions in (3.6) are G-invariant.
. This proves the lemma.
3.3. cd-property of the eN-topology. In order to show that the eN-topology on Sch G k (and Sm G k ) is induced by the above cd-structure, we need to produce a splitting of eN-covers. We do this in the next result. Recall that G is a smooth affine group scheme over k such that G = G/G 0 is a constant group scheme over
represent the left cosets of G 0 .
Definition 3.4. A family of morphisms
and for each 0 ≤ j ≤ n there is an i = i(j) ∈ I such that the map
has a G-equivariant section. If each f i is alsoétale, the family of morphisms is called a splitétale cover of X.
is an eN-cover if and only if it is a splitétale cover.
Proof. It is clear that a splitétale G-equivariant family of morphisms is an eNcover. The core of the proof is to show the converse.
− → X} i∈I is a G-equivariant Nisnevich cover of X. Let Z ⊂ X be the closed subscheme (with reduced structure) which is the union of all possible nonempty intersections (if there are any) of the irreducible components of X. It is easy to check that Z is G-invariant. This follows from the fact that every left coset g i G takes any given irreducible component X j of X onto some (same or different) irreducible component of X and g i GX j = g i GX j ′ if and only if X j = X j ′ . Let W be the G-invariant open subscheme of X given by the complement of Z and set
Notice that W is a disjoint union of its irreducible components and each f U i beingétale, it follows that each U i is also a disjoint union of its irreducible components.
Let x ∈ W be a generic point of W . Then the closure W x = {x} in W is an irreducible component of W . By our assumption, there is a point y lying in some
Then the closure Since the identity component G 0 is connected, it keeps U y invariant. In other words, the point y ∈ U i is fixed by G 0 and hence G acts on this point via its quotient G = G/G 0 . Recall that G is a finite constant group scheme over k. Since each g j G takes U y onto an irreducible component of U i and since U i has only finitely many irreducible components which are all disjoint, we see that
Since f i maps U y isomorphically onto W x , we conclude from the above that f i maps each U i j isomorphically onto one and only one W j such that If two distinct components of GU y are mapped onto one component of GW x , we can (using the equivariance of f i ) apply automorphisms by g j 's and assume that one of these components is U y . In particular, we find that there are some j, j ′ ≥ 1 such that (3.10)
But this implies that g j ′ ∈ S x and g j ′ / ∈ S y . This violates the condition in (3.9) that the set-theoretic stabilizers S y and S x are isomorphic. We have thus shown that the morphism f i has a G-equivariant splitting over a nonempty G-invariant open subset GW x . Letting X 1 be the complement of this open subset in X, we see that X 1 is a proper G-invariant closed subscheme of X and by restricting our eN-cover to X 1 , we get such a cover for X 1 . The proof of the proposition is now completed by the Noetherian induction.
Remark 3.6. One cannot conclude from (3.10) that g j lies in the scheme-theoretic stabilizer of x. We thank Ben Williams for pointing this out soon after the first version of this paper was shared with him in 2011. Proof. It is easy to see from the definitions that for a distinguished square (3.1), the family {Y p − → X, A j − → X} is an eN-cover of X. So we only need to prove that any eN-cover has a refinement which is an equivariant Nisnevich cd-cover. Let {Y i f i − → X} i∈I be an eN-cover of X. By Proposition 3.5, we can assume that this is a splitétale cover. In particular, there is a finite filtration of X by the G-invariant closed subschemes such that the covering map is split in the complementary open subsets. We prove our assertion by induction on the minimal length of this splitting.
If the length of the splitting is zero, then the cover has an equivariant section s : X → Y i for some i ∈ I. Since each f i isétale, s must beétale too. In particular, this section maps X isomorphically onto a G-invariant open subscheme X ′ of Y i . In this case, the square X ′ X ′ X X is a distinguished eN-square which refines our cover. To conclude, it suffices now to construct a distinguished eN-square of the form (3.3) such that the pullback of the covering map {Y i f i − → X} to Y has a G-equivariant section and the pullback to A has an equivariant splitting sequence of length strictly less than n.
Given the splitting sequence of (3.8), we see that {X n × X Y i → X n } is an eNcover with a G-equivariant section s : X n → X n × X Y i for some i. Let X ′ n be the image of this section. We have seen above that X ′ n is a G-invariant open subscheme of X n × X Y i . In particular, its complement W n is a G-invariant closed subscheme. By setting A = X \ X n and Y = (X n × X Y i ) \ W n , we see that the square defined by {A j − → X, Y p − → X} is a distinguished eN-square. Furthermore, the pullback of this square to Y has a G-equivariant section and its pullback to A is an eN-cover which has a splitting sequence of length less than n. This completes the proof of the proposition.
Combining Propositions 3.2 and 3.9, we get the following results. Proof. Let U ∈ Sch G k and let us consider a square of the form (3.3). By corollary 3.11, it suffices to show that this square is Cartesian after applying the functor Hom Sch
Since the eN-topology on Sch G k is known to be sub-canonical for G trivial, we find a unique f ∈ Hom Sch k (X, U) such that f • p = f 1 and f • j = f 2 . It remains to show that f is G-equivariant. Since the map p −1 (X \A) → X \A is a G-equivariant isomorphism, we see that the restrictions of f to the G-invariant subsets A and X \ A are G-equivariant. It follows that f is G-equivariant.
More applications of Theorem 3.10 will appear § 4.2.
3.4. Points in the eN-topology. Recall that a point x on a Grothendieck site C is a functor x * : Shv(C) → Sets which commutes with all small colimits and finite limits. Such a functor acquires a right adjoint x * : Sets → Shv(C) by Freyd's adjoint functor theorem. Having enough points is convenient for expressing weak equivalences in the homotopy theory of simplicial presheaves on a site. Below we describe a set of points on the eN-site of G-schemes for G a finite constant group scheme.
Given X ∈ Sch G k and x ∈ X, let Gx denote the set-theoretic G-orbit of x. Let O h X,Gx denote the henselization of the semi-local ring O X,Gx along the ideal defining the scheme Gx. Set X h Gx = Spec (O h X,Gx ). One observes that the pair (X h Gx , Gx) is nothing but the filtering limit of all Nisnevich neighborhoods (U, Gx) of (X, Gx). Since every Nisnevich neighborhood of (X, Gx) contains an eN-neighborhood (see § 3.1), we see that X h Gx is the filtered limit of all eN-neighborhoods of (X, Gx). In particular, it acquires a canonical Gx-preserving compatible G-action.
Given a pair x = (X, Gx), one gets a functor x : Sch k and if {f i : U i → U} i∈I is a family of G-equivariant maps such that {x(U i ) → x(U)} i∈I is surjective for all X ∈ Sch G k and all x ∈ X, then {f i } is dominated by an eN-cover of U.
So suppose that {x(U i ) → x(U)} i∈I is a surjective family for all pairs (X, Gx). Let u ∈ U and let v : (U h Gu , Gu) → (U, Gu) be the resulting G-equivariant map. By our assumption, we get an i ∈ I and a G-equivariant factorization
Notice that w has to be an isomorphism on Gu and hence gives a section of f i along Gu. Since (U h Gu , Gu) is the filtered limit of eN-neighborhoods of Gu and since f i is a G-equivariant finite type morphism, we conclude that there is an eN-
. Since u ∈ U was chosen as an arbitrary point, we get the desired domination of {f i }.
Model structures on simplicial presheaves on Sm

G k/Nis
Let S denote the category of simplicial sets with internal hom objects S(−, −) defined, for example, in [10, I.5] . The category of pointed simplicial sets will be denoted by S • . We have the pointed version of internal hom as well. A motivic G-space is a contravariant functor Sm In particular, a pointed G-scheme (X, x) amounts to a G-scheme X together with a k-rational G-fixed point x ∈ X. In the following, we make no notational distinction between X and h G X . For X ∈ Sm G k , the symbol X + will denote the pointed motivic G-scheme (X pt, pt). We note the following useful fact about M The tensor product in M G k,• is defined by taking pointwise (schemewise) smash product (X ∧ Y)(U) = X (U) ∧ Y(U). With this definition, S 0 = pt pt = Spec (k) Spec (k) is the unit of the product and the limits, colimits are defined pointwise. The functor Ev U evaluating motivic G-spaces at a fixed G-scheme U is strict symmetric monoidal, preserves limits and colimits, and there is an adjunction:
The left adjoint Fr U , defined by Fr U (K) = U + ∧ K, is lax symmetric monoidal for any G-scheme and strict symmetric monoidal when U = pt. For any X ∈ M G k,•
and K ∈ S • , we define X ∧K and X K by sending U to X (U)∧K and S • (K, X (U)), respectively.
The S • -enrichment of motivic G-spaces is given degreewise by the pointed simplicial set
In the above we described the monoidal structure on pointed motivic G-spaces. This story works verbatim for motivic G-spaces M G S by replacing the smash product with the schemewise defined product X × Y.
4.1.
Schemewise model structures. The goal of this section is to construct model structures on motivic G-spaces. We first describe these model structures for the unpointed motivic G-spaces and show in the end how these model structures induce such structures on the pointed motivic G-spaces. We refer the reader to [15] for standard notions related to model structures. We only recall here that a model structure on M 
is a Kan fibration, which is a weak equivalence if either i or p is a weak equivalence.
We shall say that a map f : X → Y of motivic G-spaces is a schemewise weak equivalence (resp. schemewise fibration) if the map of simplicial sets X (X) → Y(X) is a weak equivalence (resp. Kan fibration) of simplicial sets for every X ∈ Sm 
and trivial cofibrations
are induced from the corresponding maps in S. The domains and codomains of the maps in these generating sets are finitely presented. The projective model structure is proper. For every U ∈ Sm G k , the pair (Fr U [12] , [20] . The third model structure one can consider is an example of a so-called flasque model structure [17] . It is obtained by considering equivariant embeddings of smooth G-subschemes, generalizing the cognate schemewise model structure in [25, Theorem A.9] for the trivial group. For U ∈ Sm G k , we consider a finite set of G-equivariant monomorphisms V I = {V i → U} i∈I . The categorical union ∪ i∈I V i is the coequalizer of the diagram i,j∈I 
and J sch clo (sm
A map between motivic G-spaces is called a closed schemewise fibration if it has the right lifting property with respect to J X (X)
is homotopy Cartesian for every distinguished eN-square of the form (3.3). The locally injective fibrant and locally flasque fibrant motivic G-spaces are defined analogously by means of schemewise injective and flasque model structures, respectively.
Let (−)
cof : M 
is a weak equivalence for every locally projective fibrant motivic G-space Z. A map is a local projective fibration if it has the right lifting property with respect to projective cofibrations which are simultaneously local projective weak equivalence. The local injective and local flasque weak equivalences and fibrations are defined analogously. Proof. The schemewise model structures are combinatorial and left proper ones, and hence suitable fodder for Bousfield localizations L Σ M G k , where we define Σ by means of distinguished eN-squares. In order to identify these Bousfield localizations with the definitions above, we shall make repeated use of the fact that the cofibrations and the fibrant objects determine the weak equivalences in any model structure. The existence of the model structures follows by reconciling the locally fibrant motivic G-spaces in the sense of Definition 4.6 with the fibrant objects in the Bousfield localizations determined by Σ. Once we do these identifications, the claim about the simplicial and the left properness property follows because these properties are preserved under Bousfield localization (see [15, Theorem 4 
.1.1]).
We start by defining Σ in the case of the local projective model structure. For a distinguished eN-square Q as in (3.3), let Q hp be the homotopy push-out of A ← B → Y in the schemewise projective model structure. There is a canonical map Q hp → X and we set
In the case of the local injective and flasque model structures, we consider the categorical push-out
There is a canonical map Q p → X and we set
We claim that the fibrant objects in L Σ We also observe that the weak equivalences in the local projective, injective and flasque model structures are same. It follows from Lemma 4.9 that a map which is either a local injective fibration or a local flasque fibration, is also a local projective fibration. We conclude from this that that the local injective and the local flasque model structures are also right proper.
By [17, Theorems 2.2, 3.7] , it follows that the identity functors from the schemewise projective model structure to schemewise flasque and the schemewise injective model structures on M (1) The map f * : π 0 (X ) → π 0 (Y) induces isomorphism of the associated sheaves. (2) For all X ∈ Sm G k , all choices of base points x ∈ X (X) 0 and all n ≥ 1, the map f * : π n (X , x) → π n (Y, f (x)) induces an isomorphism of the associated eN-sheaves on the site Sm The following result is another consequence of Theorem 3.10. A refined version, see Theorem 5.3, will be used to prove representability of equivariant K-theory in the equivariant motivic homotopy category. If X is a fibrant replacement of X in the local injective or flasque model structure, then it follows from Lemma 4.9 that it is a fibrant replacement of X in the local projective model structure too. Hence X is flasque as shown above.
Suppose now that X is flasque. Theorem 3.10 and [33, Lemma 3.5] imply that X → X is a schemewise weak equivalence. The converse implication is trivial.
The equivariant motivic homotopy category Ho
In this section we construct the unstable homotopy category of motivic G-spaces. This is done by the following A 1 -localization of our local model structures.
Let T be a site with category of presheaves PSh(T ). Let pt denote the terminal object of PSh(T ). Recall from [24, 2.2.3] that an interval on a site T is a presheaf I ∈ PSh(T ) together with morphisms:
where pt is the terminal object in P sh(T ) with the canonical morphism p :
In what follows, we let I = A Definition 5.1. The motivic projective (resp. injective, flasque) model structure on M G k is the left Bousfield localization of its local projective (resp. injective, flasque) structure with respect to the set of projection maps
The motivic G-spaces which are local with respect to this set of maps are called A 1 -local. The fibrant objects in the motivic projective (resp. injective, flasque) model structure will be called A 1 -fibrant. A weak equivalence in the motivic projective (resp. injective, flasque) model structure will be called a motivic weak equivalence.
In the motivic injective and flasque model structures, the A 1 -local objects can be described using the following simpler criterion. We say that a motivic Gspace X is A 1 -weak invariant if for all X ∈ Sm G k , the naturally induced map X (X) → X (X × A 1 ) is a weak equivalence. It follows from [15, Theorem 3.3.20] that the identity functors from the motivic projective to the motivic flasque and injective model structures are left Quillen equivalences. In particular, these model structures have equivalent homotopy categories, which will be denoted by Ho To prove the converse, suppose that X is an A 1 -flasque motivic G-space and let f : X → X be an A 1 -fibrant replacement. By Proposition 4.11, it is enough to show that f is also a locally (i.e., in the local injective or flasque model structure) fibrant replacement.
We factor f as a composition X g − → X
′ f ′ − → X , where g is a local trivial cofibration (in particular, motivic trivial cofibration) and f ′ is a local fibration. It follows from the 2-out-of-3 axiom that f ′ is a motivic weak equivalence. We need to show that f ′ is a local weak equivalence. Since X is locally fibrant and f ′ is a local fibration, it follows that X ′ is locally fibrant. In particular, g defines a locally fibrant replacement of X . We conclude from Proposition 4.11 that g is a schemewise weak equivalence. We now apply the A 1 -weak invariance of X and Lemma 5.2 to conclude that X ′ is A 1 -fibrant. In particular, it is Σ To prove the second assertion of the theorem for the motivic weak equivalence f : X → Y of A 1 -flasque motivic G-spaces, we can form a commutative diagram
where the vertical arrows are A 1 -fibrant replacements. It follows from the 2-out-of-3 axiom that f is a motivic weak equivalence. In this case, f is a schemewise weak equivalence by [15, Theorem 3.2.12] . The two vertical arrows are also schemewise weak equivalences by the first assertion of the theorem. It follows that f is a schemewise weak equivalence.
Equivariant vector bundles.
To justify the construction of the motivic model structure by inverting the trivial line bundle A 1 , we show that this in fact makes all equivariant vector bundle projections into motivic weak equivalences. Proof. Recall that the eN-site has an interval I defined in the beginning of § 5.1. Moreover, it is clear that our equivariant motivic homotopy category is obtained precisely by inverting the I-local morphisms in the sense of [24, § 2.2.3]. Hence it follows from [24, Lemma 2.3.6] that a strict A 1 -homotopy equivalence of motivic G-spaces is a motivic weak equivalence. Thus it suffices to show that the map f : V → X is a strict A 1 -homotopy equivalence. We can assume that X is G-connected in the sense that G(k) acts transitively on the set of connected components of X. Suppose V has rank n and let U = {U 1 , · · · , U r } be a Zariski open cover (not necessarily G-invariant) of X such that each U i = Spec (R i ) is affine and
It is straightforward to check that since these maps are natural once we fix the T -coordinate over X, they glue together to give an elementary homotopy
Note that i 0 , i 1 and i X are all G-equivariant. Thus, we shall be done if we show that H is G-equivariant. Now f is a G-equivariant vector bundle, so that over every point x ∈ X, the fiber of f is a k x -vector space V x of rank n.
At the level of the coordinate rings of these fibers, the G-action and the map H are described by the diagram
where τ g is the map on the coordinate rings induced by g ∈ G(k(x)). It is straightforward to check that this diagram commutes, which shows that H is Gequivariant.
6. The equivariant motivic homotopy category Ho
• is closed symmetric monoidal with respect to the smash product and pointed internal homs. There is an adjoint functor pair
where the left adjoint adjoins a disjoint base point, X → X + = (X pt, pt) and the right adjoint is the forgetful functor. Since M y) is a weak equivalence (resp. cofibration, resp. fibration) if and only if f : X → Y is a weak equivalence (resp. cofibration, resp. fibration) in the motivic injective model structure (cf. Definition 5.1) after applying the forgetful functor. This model structure is proper, cellular and simplicial.
The motivic projective model structure on M G k,• is defined by replacing the local injective model structure in Theorem 6.1 by the local projective model structure. Likewise for the motivic flasque model structure. As in the unpointed case, the three model structures are Quillen equivalent and hence have equivalent homotopy categories, which justifies the following definition. Proof. Since the weak equivalences in the motivic projective and injective model structures are same, it follows from [8, Lemma 2.20 ] that smashing with any pointed motivic G-space preserves motivic weak equivalence. Since the cofibrations in the motivic (injective) model structure are monomorphisms, it follows immediately that smash product preserves cofibrations.
The first assertion implies that the smash product defines a structure of symmetric monoidal structure on Ho G A 1 ,• (k). We need to show that this monoidal structure is closed to complete the proof. Since the motivic projective and injective model structures have equivalent homotopy categories, it suffices to show that the motivic projective model structure on M x) )), where Ex ((X , x)) is a cofibrant fibrant replacement of (X , x) in the motivic model structure.
6.1. Equivariant motivic homotopy groups. We end this section with the definition of equivariant motivic homotopy groups of motivic G-spaces and show that these groups coincide with the actual homotopy groups of an A 1 -fibrant replacement. The results of this section will be used in proving representability of equivariant algebraic K-theory in the unstable homotopy category.
Recall from (4.1) that given X ∈ Sm Proof. Recall that this adjunction is given by the maps
. It is straightforward to check that the maps are inverses to each other.
To show that (Fr X , Ev X ) is a Quillen pair, we shall note that Fr X preserves cofibrations and trivial cofibrations with respect to all the model structures given in the lemma. First we reduce to the schemewise projective model structure on Suppose that f : K → L be a cofibration (which is same as a monomorphism) of pointed simplicial sets. If f is a weak equivalence, then for any pointed simplicial set M, the map K ∧ M → L ∧ M is also a weak equivalence. In particular, the
where p is a projective trivial fibration. It follows from the definitions of the maps θ and ψ above that the assignments
give bijective correspondences of the sets. Thus giving a lifting in (6.2) is equivalent to giving a lifting in the parallel diagram of simplicial sets
Since the fibrations and weak equivalences in the schemewise projective model structure are objectwise, we see from our assumption that the right vertical arrow in (6.3) is a trivial fibration in S • . Since K → L is assumed to be a cofibration, we get the desired lifting using the model structure on simplicial sets. This completes the proof of the lemma.
Proposition 6.5. Let (X , x) be a fibrant pointed motivic G-space in the local injective model structure. Then for any pointed simplicial set K and any X ∈ Sm G k , the Quillen pair (Fr X , Ev X ) of Lemma 6.4 gives a canonical isomorphism
If X is also A 1 -local, then there is a canonical isomorphism
Proof. Since the functor K → K ∧ X + preserves weak equivalence in all our model structures and since X is fibrant in the local injective model structure, we conclude from Lemma 6.4 that there are isomorphisms
Since X is fibrant in the local injective model structure, it is schemewise fibrant. In particular, X (X) is a Kan complex and hence the last term is same as [K, X (X)].
If X is also A 1 -local, then it is A 1 -fibrant by Lemma 5.2. We can now repeat the above argument using Lemma 6.4. 
is an isomorphism for all X ∈ Sm G k and all i ≥ 0. Proof. We only need to show the 'if' part. Since X and Y are A 1 -fibrant, it follows from Proposition 6.5 that the terms on the left and the right in (6.4) are π i (X (X)) and π i (Y(X)), respectively. This implies that X → Y is a schemewise weak equivalence (and hence motivic weak equivalence).
6.1.1. Homotopy groups. For a motivic G-space X , let π
It follows from Corollary 6.6 that if X → F is an A 1 -fibrant replacement, then π G,A 1 i (X , x) is same as the sheaf associated to the presheaf of homotopy groups of the simplicial presheaf F . It follows that π G,A 1 i (X , x) is a sheaf of groups for i ≥ 1 and a sheaf of abelian groups for i ≥ 2. Using the functorial fibrant replacements and Corollary 6.6, we obtain the following result. Proposition 6.7. A morphism f : X → Y of equivariantly A 1 -connected motivic G-spaces is a motivic weak equivalence if and only if for any choice of base point x ∈ X , the induced map
is an isomorphism for all i ≥ 1.
Comparison with the Nisnevich site and base change
In this section, we study the connection of our eN-site with various other sites associated with group scheme actions. 
We note the following immediate corollary in connection with representability of equivariant K-theory, see § 10. Recall from (2.1) that there is a full and faithful embedding Sm k → Sm G k , which takes a scheme X to itself with the trivial G-action. This functor commutes with fiber product and takes a Nisnevich cover to an eN-cover. Corollary 3.13 and Proposition 2.6 imply that there is an induced morphism of sites ι : Sm
* is identity and ι * takes any G-scheme X to the fixed point subscheme X
G . Recall that X G is smooth. We get the following result. 
The functor ι * is a full and faithful embedding of the motivic homotopy category of smooth schemes into the equivariant motivic homotopy category.
Change of base field. Suppose now that k ֒→ k
′ is an extension of fields and set
Notice that G ′ is identified with G if the latter is a finite constant group scheme over k. The base change functor f
squares. Thus Corollary 3.11 shows that the site map f : Sch
is continuous. Since f −1 clearly commutes with fiber products, it follows from Corollary 3.13 and Proposition 2.6 that f is a morphism of sites.
Proposition 7.5. Given an extension of fields k ֒→ k ′ , the base change functor f −1 induces a morphism of sites f : Sm
This yields an adjoint pair of functors
k ′ to itself, viewed as a G-scheme over k. This functor preserves motivic weak equivalences and f * preserves A 1 -local motivic Gspaces. There is an adjoint pair of functors
The homotopy purity theorem (see [24, Theorem 3.2.23] ) is one of the most important tools in A 1 -homotopy theory, e.g., in the construction of Gysin long exact sequences and for Poincaré duality in its most concise form. Our goal in this and the following section is to establish the purity theorem for G-schemes when G is a finite cyclic group of prime order. This theorem turns out to have many applications in the equivariant motivic stable homotopy category. As part of proving the purity theorem, we first establish a local equivariant linearization of smooth G-schemes in the Zariski topology.
8.1. eN-linearization near a fixed point. We shall assume throughout this section that G is a finite constant group scheme over k of order prime to the characteristic of k. This is mainly to ensure that G is linearly reductive. A (finite) G-module will mean a (finite-dimensional) rational representation of G. We begin with the following elementary result about G-modules. 
in which the rows are exact and the vertical maps are surjective. Assume that N is a finite G-module. Then there exists a finite G-submodule M ′ ⊆ M and commutative diagram of finite G-modules
with exact rows such that the vertical maps are the restriction of the vertical maps of (8.1) to G-submodules. Moreover, they are all isomorphisms.
Proof. This is an application of the fact that G is linearly reductive. We give a sketch of the proof. Since N is a finite G-module, so are N 1 and N 2 . Hence, we can first find a finite-dimensional k-linear subspace V ⊆ M such that u(V ) = N. We can then find inclusions of linear subspaces
Since G is linearly reductive, its representation theory tells us that there is a decomposition
. It is easy to check that we get a diagram as required in (8.2).
Given a smooth scheme X and a closed point x ∈ X, let T x X denote the tangent space of X at x. Notice that if X ∈ Sm G k and if x ∈ X G , then G naturally acts k(x)-linearly on T x X. For an affine scheme X, its ring of regular functions will be denoted by k[X].
Lemma 8.2. Let X ∈ Sm G k be an affine scheme and let Z X be a smooth G-invariant closed subscheme. Let x ∈ Z be a k-rational point such that x ∈ X G . Then there is a G-invariant affine neighborhood U ⊆ X of x and a G-equivariant
Proof. Let m X k[X] denote the maximal ideal defining the closed point x. Since x ∈ X G , we see that m X (and all its powers) acquires natural G-action coming from the G-action on k[X] and the surjection u :
. Thus we get a commutative diagram of G-modules and G-linear maps:
in which the rows are exact, the vertical maps are surjective and the bottom row consists of finite G-modules.
We can now apply Lemma 8.1 to get a commutative diagram of exact sequences of finite G-modules:
such that the vertical maps are all isomorphisms, Here N x Z denotes the normal space of Z ֒→ X at x. Moreover, the top row is a sequence of G-submodules of the top row of (8.3). Notice also that as part of the proof of Lemma 8.1, we have shown that there is a k-basis of M X which maps onto the k-bases of M Z as well as (T x X) * . Using these bases, we can now construct a commutative diagram of exact sequences of finite G-modules:
such that the vertical maps are isomorphisms. The maps u −1
Z induce the corresponding G-equivariant maps of the associated symmetric algebras over k (recall that x ∈ X(k)) and composing these maps of symmetric algebras with inclusions Sym
To check that the kernel of the top row maps onto the ideal I locally at the closed point x, we just have to observe from (8.3) that (N x Z) * is nothing but I/(I ∩ m X (m X ). If we set f to be the morphism f : X → T x X defined by u −1 X , we see that f is an G-equivariant morphism which isétale at x and f −1 (T x Z) = Z near x. We conclude that there is an affine neighborhood U ′ ⊆ X of x such that the restriction f U ′ on U ′ isétale and f
Finally, using the fact that x ∈ X G , we set U = ∩ g∈G gU ′ and conclude that U ⊆ X is a G-invariant affine neighborhood of x and there is a G-equivariantétale map f :
The proof of the lemma is now complete.
Proposition 8.3. Let G be a finite cyclic group of prime order p which is different from the characteristic of k. Let Z ֒→ X be a closed immersion in Sm G k and x ∈ Z a k-rational point. Then, there is a G-invariant affine neighborhood U of x, a Grepresentation V with G-submodule Z V and a G-equivariantétale map f :
Proof. Let X G denote the closed subscheme of fixed points for the G-action on X. We first assume that x / ∈ X G . Since X \ X G is G-invariant, we can assume that X G = ∅. Since G is a cyclic group of prime order, it acts freely on X. In particular, the quotient map π : X → X/G is finiteétale of degree p. Set
is a closed immersion of smooth schemes over k, we know that there is an affine neighborhood
′ is a G-invariant affine neighborhood of x. We can thus assume that X is affine. It follows now from Lemma 8.2 that there is a G-invariant affine neighborhood U of x in X and a G-equivariantétale map f :
such that p and q are both distinguished eN-neighborhoods. We shall say that (X, Z) admits an eN-linearization if the pair (p, q) as in (8.7) exists.
Proposition 8.5. Let G be a finite cyclic group of prime order p which is different from the characteristic of k. Let Z ֒→ X be a closed immersion in Sm G k and x ∈ Z a k-rational point. Then, there is a G-invariant affine neighborhood U of x such that the pair (W, w −1 (Z ∩ U)) admits an eN-linearization for any G-equivariant etale map w : W → U.
Proof. Given any map W → X, we set Z W = Z× X W . We choose a G-invariant affine neighborhood U of x, and a G-equivariantétale map f :
in which U is defined so that the square is Cartesian and i ′ is the zero sectioninclusion. Notice that U is smooth since (f and hence) q isétale.
It is easy to check that (f 
where the lower square is Cartesian. We now repeat the above construction for f : U → V verbatim to get G-equivariantétale maps p : W → W and q : W → N Z W /W and one checks from the construction that p −1 (Z W ) = q −1 (Z W ) = i(Z W ), where Z W ⊂ N Z W /W is the zero-section.
The equivariant homotopy purity and blow-up theorems
The equivariant Thom space of a G-equivariant vector bundle V → X in Sm G k is the pointed motivic G-space V /(V \ X), where X ֒→ V is the zero section. We prove the following purity theorem for normal bundles.
Theorem 9.1. Let k be an algebraically closed field and let G be a finite cyclic group of prime order p which is different from the characteristic of k. Let Z ֒→ X be a closed immersion in Sm P(V × A 1 ) \ Z is a motivic weak equivalence. On the other hand, the composite q • α V,Z is a canonical isomorphism of pointed motivic G-spaces (see [24, Proposition 3.2.17] ). We conclude that α V,Z is a motivic weak equivalence.
On the other hand, the composition of the projection λ Z with the inclusion V P(V × A 1 ) \ Z is a local weak equivalence. Since q is a motivic weak equivalence, we conclude that β V,Z is a motivic weak equivalence. U, we see that U n X is the coproduct of smooth G-schemes each of which is a fiber product (over X) of n + 1 components of U. Set U \ Z U = u −1 (X \ Z). Let B denote the motivic G-space obtained by applying the B(X, Z) construction levelwise to the inclusion Z U ֒→ U (see [24, p. 117] ). Observe here that this inclusion is the coproduct of closed embeddings of smooth G-schemes at each level. Moreover, we have B(X \ Z, ∅) ≃ (X \ Z) × A 1 and Th(N ∅/(X\Z) ) = Spec (k) (as a pointed motivic G-space). Let Th(N Z U /U ) denote the motivic G-space which is obtained by applying the levelwise Thom space construction for the inclusion Z U ֒→ N Z U /U . This makes sense because Z U ֒→ N Z U /U is the coproduct of 0-section embeddings of equivariant vector bundles over smooth G-schemes at each level. We obtain a commutative diagram of pointed motivic G-spaces Since the eN-topology on Sm G k admits a conservative family of points by Proposition 3.14, we can use the above claim and [24, Lemma 2.1.15] to conclude that the map U → X is a local weak equivalence. For the same reason, the map U \ Z U → X \ Z is a local weak equivalence. We conclude from [24, Lemma 2. The vertical arrows in (9.5) are local weak equivalences by our definition of local weak equivalence in the eN-topology. Hence, the top horizontal maps are motivic weak equivalences if and only if so are the bottom horizontal maps.
If we apply this argument for (N Z/X , Z) in place of (X, Z), it follows from the local weak equivalence U U \Z U ≃ − → Th(N Z/X ) and Lemma 9.2 that the top horizontal maps in (9.5) are motivic weak equivalences. We conclude that the maps α X,Z and β X,Z are motivic weak equivalences.
Using the same line of proof as for Theorem 9.1 verbatim, we obtain the following result for equivariant blow-ups.
Theorem 9.4. Let k be an algebraically closed field and let G be a finite cyclic group of prime order p which is different from the characteristic of k. Let Z ֒→ X be a closed immersion in Sm G k with complement U = X \ Z. Let p : X ′ → X denote the blow-up of X along Z. Then the square
